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Chirong 7. Gidéi han va lién tuc ciia ham s6

7.1 Gidéi han cia day s6

Ham s6 xdc dinh trén tap hop N dirge goi 1a day s6 vo han. Day s6

thwromg diroc viet dwdi dang:
1,02, ..., 00, ... (7.1)

hoic {a,}, trong d6 a, = f(n), n € N dwoc goi la s6 hang téng quat
ctia day, n 1a s6 hiéu cia s6 hang trong day.

Ta can hru ¥ céc khdi niém sau day:

i) Day (7.1) dwoc goi la bi chan néu IM € RT :¥n € N = |a,| <
M; va goi la khong bi chan néu: YM € Rt : dn € N= |a,| > M.

ii) S6 a dwroc goi la gigi han cia day (7.1) néu:
Ve>0, AN(E):Vn=N = |an —a] <e. (7.2)
iii) S6 @ khong phai 1a gidi han cia day (7.1) néu:
Je>0, YN:3n>N = |an—a| > <. (7.3)

iv) Day c6 gidi han dwoc goi la day hai tu, trong triromg hop ngiroe
lai day (7.1) goi la day phan ky.

v) Day (7.1) goi la day vo cliing bé néu lim a, = 0 va goi la day
vo cling 16m néu ¥ A > 0, 3N sao cho Vn T;_?r = la,| > A va viét
lim a,, = o~o.

vi) Dieu kién can dé day hoi tu la day dé phai bi chan.

Chii 3j: 1) Hé thire (7.2) twong dwong véi:

—E<lp—a<ESA—E< Uy, < a-+E. (7.4)



7.1. Giéi han cia day so

Heé thitc (7.4) chitng t6 rang moi s6 hang véi chi s6 n > N cua day
hoi tu déu nam trong khodng (a — ¢, a + £), khodng nay goi la e-lan
can cna diém a.

Nhur vay, néu day (7.1) hoi tu dén s6 a thi moi s6 hang cila né trir
ra mot so hiru han s6 hang déu nam trong e-lan can bat ky bé bao
nhiéu tiy ¥ cta diém a.

ii) Ta liru ¥ rang day s6 vo cling 16n khong hoi tu va ky hicu
lima,, = oo (—o0) chi ¢6 nghia la day a,, 1a v6 cuing 16m va ky hicu do

hoan toan khong cé nghia la day c6 gigi han.

7.1.1 Cac bai toan lién quan tédi dinh nghia gidi
han

Dé chitng minh lim a,, = a bang cach sit dung dinh nghia, ta can tién
hanh theo cac bwrée sau day:

i) Lap bicu thitc |a,, — a|

ii) Chon day b,, (néu dieu dé c6 loi) sao cho |a, — a| < b, ¥n va

véi e di bé bat ky bat phwong trinh déi véi n:
bn < € (7.5)

c6 thé gidi mot cach dé dang. Gia sit (7.5) ¢6 nghiém 1a n > f(e),
f(£) > 0. Khi dé ta c6 thé ldy n la [f(€)], trong dé [f(£)] 14 phan

nguyen cua f(g).

CAC VI DU

Vi du 1. Gia st a, = n"Y". Chitng minh rang;

i) Day a,, khong bi chan.

ii) Day a, khong phai la vo cing 16m.

Gidi. i) Ta chitng minh rang a,, théa man dinh nghia day khong
bi chan. That vay, ¥ M > 0 s6 hang vé&i s6 hieu n = 2([M] + 1) bang
n va 16n hon M. Dieu d6 c6 nghia la day a, khong bi chan.



Chirong 7. Gidéi han va lién tuc ciia ham s6

ii) Ta chitng minh rang a, khong phai 1a vo cimg lém. That vay,
ta xét khoang (—2,2). Hién nhién moi s6 hang ctia day véi s6 hicu 1&
deu thuoe khodng (—2,2) vi khi n 1& thi ta cé:

V" =n"t=1/ne (-2,2).
Nhir vay trong khdng (—2,2) ¢6 vo s6 s6 hang cia day. Tir do,
theo dinh nghia suy ra a,, khong phai la vo ciing 16m. A
Vi du 2. Dimng dinh nghia giéi han day s6 dé chitng minh ring:

1) im SV 9)  lim —— =1.

1m =
n—oo n n—oo M, 4+ 1

Gidi. Dé chirng minh day a, c6 giéi han 1a a, ta can chitng minh
riang d6i v&i moi s6 £ > 0 cho trirée ¢6 thé tim diroe s6 N (N phu
thuoc ) sao cho khi n > N thi suy ra |an, — a| < . Thong thuong ta
c6 thé chi ra cong thire tiromg minh bicéu dién N qua .

1) Ta co:

n—1

n

Gia st £ 1a s6 dwrong cho trirée tiy y. Khi do:

—

1
—<Eg=n=>=—:
n £

(r

Vi thé ta ¢6 thé 1lay N 1a s6 tur nhién nao dé thda man diéu kién:

1 1
N>-=—<ec¢.
= - = N < E
(Chang han, ta c6 thé ldy N = [1/¢], trong d6 [1/¢] 1a phan nguyén
cua 1/e).
Khi d6 Vn = N thi:

1
|an = 0] = — <
n



7.1. Giéi han cia day so

e ’ I ~ » - _1 "
Dicu do ¢6 nghia la lim (=1 =0.
n—oo T

2) Ta ldy s6 £ > 0 bat ky va tim s6 tw nhién N(£) sao cho ¥n >
N(e) thi:

n

n+1

— 1‘ < E.
Bit ding thirc
1

1
m—1l <e&s ——<e&s - —L
jan | n+1 €

Ay - 5 o ~ 1 ]- e ~
Do dé ta ¢6 the lay so N(e) la phan nguyén cua - 1, tire la:
N(e)=E((1/e) —1).

Khi d6 véi moi n = N ta co:

-1 = L < <e=lim 2 =1 a
n+1 "n+1l T N+1 T Taseont+1l
Vi du 3. Chitng minh ring cic day sau day phan ky:
1) an=mn, neN (7.6)
2) ap = (—1)" mneN (7.7)
1
3) an = (=1)" + —- (7.8)

Gidi. 1) Gia sir day (7.6) hoi tu va 6 gidi han la a. Talay € = 1.
Khi dé theo dinh nghia giéi han ton tai s6 hiéu N sao cho Vn > N thi
taco lap,—al <lnghtala|n—al|<1¥Vn>N.Terdl-1<n—a<1
n>N&a—-1l<n<a+1Yn>N.

Nhung bat dang thite n < a + 1, ¥Yn > N 1a v6 Iy vi tap hop céc
s6 tu nhién khong bi chin.

2) Cdc{z 1. Gid sit day a, hoi tu va c¢6 gidi han la a. Ta lay lan

1 f0 1~ 3~ s
—,a+ 5) ctia dicm a. Ta vict day da cho dwéi dang:

cin (a- 1

{a'n} = _1?1?_1711"" (79)
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1 1
Vi 4 dii ciia khodng (a, — 5.+ §) I bing 1 nén hai diém —1
S .. A e a 1 1 .
va, +1 khong thé dong thoi thude lan can (a, 50 + 5) ctia dicm a,
vi khodng céch gitta —1 va +1 bang 2. Dieu dé cé nghia 14 & ngoai
1 1 # - ~ ~ ] ~ \ \ A ’
3@ + 5) ¢6 vo s0 80 hang cua day va vi thé (xem chi

¥ & trén) s6 a khong thé la gidi han ciia day.

. 1
Cdch 2. Giasir an — a. Khi dé Ve > 0 (lay e = 5) ta co

lan can (a —

1
la, —al| <= ¥Yn=N.

2
V1 a, = =1 nén
1 1
l—al<=, |-1-da/<=
l-al<3, |-1-al<3
11
:>2:|(1—a)+(1+a)|§|1—a|+|a+1|§§+§:1

=2<1, voly.

. ]- ~ ey , . #
3) Liru y rang v&i n = 2m = agy, = 1 + o S0 hang ke v&i néd
m
c6 s6 hieu 16 2m + 1 (hay 2m — 1) va

1 1
<0 (hay agm—1 = -1+

0).

Aom4+1 = —1+ 2m_1€ .

Tir d6 suy rang

Néu s6 a nao db 1a giéi han cia day (an) thi bat dau tir s6 hiéu nao
— ~ el 1 - Id
d6 (an) thoa man bat dang thitc |a, —a < 3 Khi dé
1

1
|an—an+1|S|an—a|+|an+1—a|<§+§:1.

Nhurng hi¢u gitra hai s6 hang ké nhau bat ky ciia day da cho luon luon
16n hon 1. Diéu mau thuan nay chiing té rang khong mot sé thue

~ , A s .. ~ ~
nao cé thé 1a gidi han cia day da cho. A






